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GLOBAL EXISTENCE FOR THE BOLTZMANN EQUATION IN
LrvL
∞
t L
∞
x SPACES
KOYA NISHIMURA
Abstract. We study the Boltzmann equation near a global Maxwellian.
We prove the global existence of a unique mild solution with initial data
which belong to the Lrv L
∞
x spaces where r ∈ (1,∞] by using the excess
conservation laws and entropy inequality introduced in [5].
1. The Boltzmann Equation
Recall that the Boltzmann equation is given by
∂tF + v · ∇xF  Q(F, F), F(0, x , v)  F0(x , v), (1.1)
where F(t , x , v) is the distribution function for the particles at time t ≥ 0,
position x ∈ Ω  R3 or T3, and velocity v ∈ R3. The collision operator is
defined by
Q(F, G)(v) 
∫
R3×S2
du dω |v − u |γb(θ) [F(v′)G(u′) − F(v)G(u)] .
Here the angle θ is definedby cos θ  [v−u]·ω/|v−u | and B(θ) satisfies the
angular cutoff assumption 0 ≤ b(θ) ≤ C |cos θ |. We assume hard potentials
0 ≤ γ ≤ 1. The post-collisional velocities satisfy
v′  v + [(u − v) · ω]ω, u′  u − [(u − v) · ω]ω,
v′ + u′  v + u , |v′|2 + |u′|2  |v |2 + |u |2. (1.2)
Denoting a normalized global Maxwellian by µ(v)  e−|v |2 , µ satisfies
(1.1) by (1.2), and so we define the perturbation f (t , x , v) to µ as
F  µ +
√
µ f .
We consider the Boltzmann equation for the perturbation f :
[∂t + v · ∇x + ν(v) − K] f  Γ( f , f ), f (0, x , v)  f0(x , v). (1.3)
Above ν(v)  Γloss(1,√µ) ≈ (1 + |v |)γ is a multiplication operator defined
by (3.2) below, and K is a integral operator. (the kernel satisfies (3.11) below.
Also, see [2] for its form.) Since Q(µ, µ)  0, the remaining nonlinear part
Γ(·, ·) is defined as
Γ(g , h)  1√
µ
Q(√µg ,√µh).
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Lastly, the mild form of (1.3) is given by
f (t , x , v)  e−ν(v)t f0 (x − vt , v)
+
∫ t
0
e−ν(v)(t−s)
[
K
(
f
)
+ Γ
(
f , f
)] (s , x − v(t − s), v) ds , (1.4)
and its equivalent form is given by (3.9) below.
2. Main Results
Notation. In this paper, we use the notation L∞x  L∞(Ω) and Lrv 
Lr(R3v) (r ∈ (1,∞]). We also write the L∞ norm on the time interval [0, t] as
| | · | |L∞t . For a function g : [0,∞)×R3x ×R3v → R, we define the mixed norms
g
L∞t L
r
vL
∞
x
 sup
s∈[0,t]
[∫
R3
du
{
sup
y∈R3
g(s , y , u)
}r] 1r
,
and
g
Lrv L
∞
t ,x

g
Lrv L
∞
t L
∞
x

[∫
R3
du
{
sup
s∈[0,t], y∈R3
g(s , y , u)
}r] 1r
.
Similarly for the norm | | · | |LrvL∞x . For r, we denote the conjugate exponent to
r by r′. We define a weight function w(v)  1 + |v |.
For a solution to the Boltzmann equation (1.1), we have formally the
excess conservations of mass and energy and the excess entropy inequality:∬
R3×R3
F(t , x , v) − µ(v) dv dv 
∬
F0 − µ ≡ M0,∬
R3×R3
|v |2 [F(t , x , v) − µ(v)] dv dv ∬ |v |2 [F0 − µ] ≡ E0,∬
R3×R3
F(t , x , v) lnF(t , x , v) − µ(v) ln µ(v) dv dx
≤
∬
R3×R3
F0 ln F0 − µ ln µ dv dx ≡ H0.
(2.1)
The following local and global existence results are valid.
Theorem 2.1. Let r ∈ (1,∞] and l > max{3/r′, 1/r′ + (γ + 1)/2, 2γ}, and
F0  µ +
√
µ f0 ≥ 0. For any 0 < M < ∞, there exist T⋆(M) > 0 and ǫ > 0 such
that if
w l f0Lrv L∞x ≤ M/2, and
sup
0≤t≤T⋆ , x∈R3
∫
R3
dv e−
|v |2
4
 f0(x − vt , v) ≤ ǫ, (2.2)
then there is a unique local solution (1.4), f (t , x , v), to (1.3) in [0, T⋆] ×Ω × R3
satisfying w l f 
Lrv L
∞
T⋆
L∞x
≤ M,
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and F  µ +
√
µ f ≥ 0. Moreover, if M0, E0, and H0 are finite, then (2.1) holds.
Theorem 2.2. In addition to the assumptions as Theorem 2.1, let l > 3/r′+γ. For
any 0 < M < ∞, there exist ǫ > 0 and C0(r, l) > 0 such that if | |w l f0 | |LrvL∞x ≤ M,
(2.2) and
sup
t≥T⋆, x∈R3
∫
R3
e−ν(v)t
 f0(x − vt , v) dv + |M0 | + |E0 | + |H0 | ≤ ǫ, (2.3)
then there is a unique global solution (1.4), f (t , x , v), to (1.3) satisfyingw l f 
Lrv L
∞
t ,x
≤ C0
(
M + M2
)
∀t > 0,
and moreover F  µ +
√
µ f ≥ 0.
Remark 2.3. 1. In Theorem 2.1, when r ∈ [4/(3−γ),∞]weneed not assume
sup
0≤t≤T⋆ , x∈R3
∫
dv e−
|v |2
4
 f0(x − vt , v) ≪ 1, (2.4)
and the LrvL
∞
t ,x norm can be replaced by the L
∞
t L
r
vL
∞
x norm in both theorems.
(2.4) is required only when r ∈ (1, 4/(3 − γ)) in Theorem 2.1. In the case,
we use Lemma 3.3 to get a decay of the collision term of (3.10) as |v | → ∞.
(Note that we consider the hard potential case.)
2. Recently, the case r  ∞ was proved in [1]. In our results, we can take
large initial data in LrvL
∞
x (r > 1) and we need not take the uniform norm
with respect to velocity variable v, but the L∞t norm is taken before the L
r
v
norm.
In [5], the L∞ estimate using the excess conservation laws and entropy
inequality (2.1) is established. And in [1], to obtain global existence, it was
shown that by a similar argument one can make the L1v norm of a solution
(1.4) small as in Lemma 4.2. Also for the L∞ estimate of the collision term,
the L1v norm is involved as in Lemma4.1 below. The case r < ∞ is technically
more complicated to handle than the case r  ∞. For instance, in Lemma
4.1, we will need to split the integral domain of the gain term into four
parts, and we change variables several times. The purpose of this paper
is to extend the global existence results of [1]. For historical results of the
Boltzmann equation, see the article and the references therein.
This article is organized as follows. In Section 3 we prove local existence
(Theorem 2.1). And in Section 4, we establish a L∞t ,xL
r
v estimate (Lemma
4.2) and a LrvL
∞
t ,x estimate (Lemma 4.4). Global existence (Theorem 2.2) is
follows easily from them.
3. Local Solutions
As usual, we split Γ(g , h)  Γgain(g , h) − Γloss(g , h) as
Γgain(g , h)(v)  1√
µ(v)
∫
R3×S2
du dω |v − u |γb(θ) · (√µg) (v′) · (√µh) (u′),
(3.1)
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Γloss(g , h)(v) 
∫
R3×S2
du dω |v − u |γb(θ)
√
µ(u)g(v)h(u). (3.2)
To begin with, we give a estimate for Γgain .
Lemma 3.1. Let r ∈ [4/(3 − γ),∞] and l > 3/r′. For g(v), h(v) ≥ 0, we havew lΓgain(g , h)Lrv ≤ Cr,l w l gLrv w lhLrv . (3.3)
Proof. Weestimate w lΓgain (g , h) as follows. Since w l(v) ≤ Cw l(u′)+Cw l(v′)
by (1.2),
w l(v)Γgain (g , h)(v)
≤ C√
µ(v)
∬
|v − u |γb(θ) · (√µg) (v′) · (w l√µh) (u′) du dω
+
C√
µ(v)
∬
|v − u |γb(θ) ·
(
w l
√
µg
)
(v′) · (√µh) (u′) du dω.
(3.4)
As in Proposition 2.1 of [1], it suffices to estimate only the first term (because,
one may interchange u′ and v′ in the second term. we refer to page 41-42
of [2]). By Hölder’s inequality, the first term is bounded by∬
|v − u |γb(θ)e− |u |
2
2 w−l(v′) ·
(
w l g
)
(v′) ·
(
w lh
)
(u′) du dω
≤ C
[∬
[|v − u |γ |cos θ |]r′ e−r′ |u |
2
2 w−r
′l(v′) du dω
] 1
r′
×
[∬ (w l g) (v′) · (w lh) (u′)r du dω]
1
r
,
(3.5)
with the standard modification when r  ∞. By changing u  z + v and
spliting z | |  [z · ω]ω, z⊥  z − z | |, the integral of the first factor can be
bounded by
C
∬ [ |z |γ−1 |z | | |] r′ e−r′ |z+v |22 w−r′l(z | | + v) z | |−2 dz⊥ dz | |. (3.6)
The further substitution y  z | |+v and the inequality |z | ≥
√|z | | | · |z⊥ | yield
that (3.6) is bounded by∬ y − v γ+12 r′−2 e−r′ |y+z⊥|22 w−r′l(y) dz⊥ dy
≤ C
∫ y − v γ+12 r′−2 w−r′l(y) dy
≤ Cr,l(1 + |v |)
γ+1
2 r
′−2.
(3.7)
This is bounded if r ≥ 4/(3−γ), so by taking the Lr norm of (3.4) and noting
that du dv  du′ dv′, we can obtain the lemma. 
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Remark 3.2. When r ∈ (1, 4/(3 − γ)) note that (3.7) is not bounded, but a
simple modification of the argument in the proof of the lemma shows that for
l > 1/r′ + (γ + 1)/2, we havew l− γ+12 + 2r′Γgain (g , h)
Lrv
≤ Cr
w l g
Lrv
w lh
Lrv
. (3.8)
We now prove Theorem 2.1. To this end, rewrite the mild form of (1.3) as
follows.
f (t , x , v)  e−
∫ t
0
g f (s1 ,y+vs1 ,v) ds1 f0(y , v)
+
∫ t
0
e−
∫ t
s
g f (s1 ,y+vs1 ,v) ds1K f (s , y + vs , v) ds
+
∫ t
0
e−
∫ t
s
g f (s1 ,y+vs1 ,v) ds1Γgain( f , f )(s , y + vs , v) ds ,
(3.9)
Here we have used the notation y  x − vt, and for a function r(s1, x , v),
gr(s1, x , v) 
∬
du dω |v − u |γb(θ)
[
µ(u) +
√
µ(u)r(s1, x , u)
]
.
Proof of Theorem 2.1. We use the following iterating sequence (n ≥ 0).
f n+1(t , x , v)  e−
∫ t
0
g f n (s1 ,y+vs1 ,v) ds1 f0(y , v)
+
∫ t
0
e−
∫ t
s
g f n (s1 ,y+vs1 ,v) ds1K f n(s , y + vs , v) ds
+
∫ t
0
e−
∫ t
s
g f n (s1 ,y+vs1 ,v) ds1Γgain( f n , f n)(s , y + vs , v) ds.
(3.10)
We set f n(0, x , v)  f0 for n ≥ 1, and f 0  0. It is easily verified as in
Proposition 2.1 of [1] that µ+
√
µ f n ≥ 0 if µ+√µ f0 ≥ 0. First,we consider the
case r ∈ [4/(3−γ),∞] andwewill show that if sup0≤t≤T⋆ | |w l f n(t)| |LrvL∞x ≤ M
then sup0≤t≤T⋆ | |w l f n+1(t)| |LrvL∞x ≤ M. We denote by k(v , u) the kernel of K
where k(v , u) satisfies
|k(v , u)| ≤ C |v − u |e− |v |
2
+|u |2
8 + C |v − u |−1e−
|v−u |2
8 −
[|v |2−|u |2]2
8|v−u |2 , (3.11)
and for l ∈ R, ∫
|k(v , u)| w
l(v)
w l(u) du ≤ C(1 + |v |)
−1. (3.12)
For the proof, see Lemma 7 of [4] for instance. (When l < 0 use the result
for l ≥ 0 and |u | ≤ |u − v | + |v | ) From (3.12) and Lemma 3.1 we can obtainw l f n+1(t)
Lrv L
∞
x
≤
w l f n+1(0)
Lrv L
∞
x
+ Ct
w l f n 
L∞t L
r
v L
∞
x
+ Cr t
w l f n 2
L∞t L
r
v L
∞
x
,
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and hence w l f n+1
L∞
T⋆
Lrv L
∞
x
≤ M/2 + CMT⋆ + Cr M2T⋆ ≤ M
when T⋆ is sufficiently small. As for uniqueness, we take the difference
f − h where f and h satisfy (3.9), as follows.
w
l
2 (v)
 [ f − h] (t , x , v)
≤
{
w
l
2 (v)
 f0(y , v) +
∫ t
0
w
l
2 (v)
K f (s , y + vs , v) ds
+
∫ t
0
w
l
2 (v)
Γgain ( f , f )(s , y + vs , v) ds
}
×
∫ t
s
 [g f − gh] (s1, y + vs1, v) ds1
+
∫ t
0
w
l
2 (v)
K [ f − h] (s , y + vs , v) ds
+
∫ t
0
w
l
2 (v)
Γgain( f − h , f )(s , y + vs , v) ds
+
∫ t
0
w
l
2 (v)
Γgain(h , f − h)(s , y + vs , v) ds.
(3.13)
Here we have used the inequality |e−a − e−b | ≤ |a − b | , ∀a , b ≥ 0. Note that
l > 2γ and ν(v)  wγ(v). Clearly∫ t
s
 [g f − gh] (s1 , y + vs1, v) ds1 ≤ Cr w l2 (v)t  f − hL∞t Lrv L∞x ,
so the first term on the right hand side of (3.13) is bounded by
Cr Mt
 f − h
L∞t L
r
v L
∞
x
.
By (1.2), the second term from the last of (3.13) is bounded by
C
∬
du dω
wγ(v)
[w(v′)w(u′)] l2
e−
|u |2
2
(
w l f
)
(v′) ·
(
w
l
2 [ f − h]
)
(u′)
+
∬
du dω |v − u |γb(θ)e− |u |
2
2 w−l(v′)
(
w l f
)
(v′) ·
(
w
l
2 [ f − h]
)
(u′).
As in the proof of Lemma 3.1, its L∞t L
r
vL
∞
x norm is bounded by
Cr Mt
w l2 [ f − h]
L∞t L
r
v L
∞
x
.
Similarly for the last term of (3.13). We havew l2 [ f − h] 
L∞
T⋆
Lrv L
∞
x
≤ Cr MT⋆
w l2 [ f − h] 
L∞
T⋆
Lrv L
∞
x
.
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Hence uniqueness follows. Similarly, we can also prove that ( fn) is a Cauchy
sequence. Letting n →∞ we obtain a unique mild solution (3.9), f (t , x , v),
in [0, T⋆] × Ω × R3. For the remaining assertions we refer to the proof of
Proposition 2.1 of [1].
For the other case r ∈ (1, 4/(3−γ))we replace the L∞t LrvL∞x normby LrvL∞t ,x
and use (3.8) and the fact∫ t
0
e−ν(v)(t−s)νδ(v) ds ≤ η + Cηt , 0 ≤ δ < 1,
for any η > 0, and Lemma 3.3 below. Taking γδ  (γ+1)/2−2/r′, the LrvL∞t ,x
norm of the last term of (3.10) is bounded by∫ t
0
ds e−ν(v)(t−s)νδ(v)
w l−γδΓgain( f n , f n)Lrv L∞t ,x ≤ Crη w l f n 2LrvL∞t ,x .
The remaining proof is a simple modification of the case r ≥ 4/(3 − γ). 
With the same assumptions as Theorem2.1, we have the following lemma
for the sequence (3.10).
Lemma 3.3. For any η > 0, there exists T⋆(η, M) > 0 such that if
sup
0≤t≤T⋆ , x∈R3
∫
dv e−
|v |2
4
 f0(x − vt , v) ≤ η/2,
and
sup
0≤t≤T⋆
w l f n−1(t)
Lrv L
∞
x
≤ M,
then
sup
0≤s1≤T⋆, x∈R3
∫
du e−
|u |2
4
 f n(s1, y + vs1, u) ≤ η. (3.14)
Moreover, we have
−
∫ t
s
ds1 g f n (s1, y + vs1, v) ≤ −ν(v)(t − s)/2, (3.15)
when η is sufficiently small and 0 ≤ t ≤ T⋆.
Proof. From (3.10), we get∫
e−
|u |2
4
 f n(s1, y + vs1, u) du
≤
∫
e−
|u |2
4
 f0(y + vs1 − us1, u) du
+
∫ s1
0
∬
e−
|u |2
4 |k(u , u1)| ·
 f n−1(s2, u1)L∞x du1 du ds2
+
∫ s1
0
∫
e−
|u |2
4 Γgain
[ f n−1
L∞x
,
 f n−1
L∞x
]
(s2, u) du ds2.
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By (3.12), the second term on the right hand side is bounded by∫ s1
0
ds2
∫
du |k(u , u1)|
∫
du1
 f n−1(s2 , u1)L∞x
≤ C
∫ s1
0
ds2
∫
du1
 f n−1(s2 , u1)L∞x
≤ Cr,lMs1.
Using (1.2) and the fact du dv  du′ dv′, the last term is bounded by
C
∫ s1
0
ds2
∭
du du1 dω e
− 18 [|u′ |2+|u′1 |2]  f n−1(s2 , u′)L∞x ·  f n−1(s2 , u′1)L∞x
≤ C
∫ s1
0
ds2
[∫
du′
 f n−1(s2 , u′)L∞x
]2
≤ Cr,lM2s1.
We have∫
e−
|u |2
4
 f n(s1 , y + vs1, u) du ≤ η/2 + Cr,lMs1 + Cr,lM2s1,
and hence we have (3.14) if we choose T⋆ small. Moreover, (3.15) follows
from this and
−g f n (s1 , y + vs1, v)
≤ −ν(v) +
∬
|v − u |γb(θ)
√
µ(u)
 f n(s1 , y + vs1, u) du dω
≤ −ν(v) + Cν(v)
∫
e−
|u |2
4
 f n(s1, y + vs1, u) du.

4. Global Existence
It is important to bound the nonlinear term by using the L1v norm.
Lemma 4.1. Let r ∈ (1,∞], l > 3/r′, n > 3, and g(v) ≥ 0. For any η > 0 we
havew l−γΓgain(g , g)Lrv ≤ Cr,η g 1nr′L1v
w l g1+ 1r+ 1n′r′
Lrv
+ Cr,lη
∑
p1,r
w l g1+ 1p
Lrv
,
(4.1)
and w l−γΓloss(g , g)Lrv ≤ Cr gL1v w l gLrv . (4.2)
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Proof. The inequality for the loss term is trivial, so we only estimate the gain
term. Using (1.2) and then interchanging v′ and u′ as in Lemma 3.1,
w l−γ(v)Γgain (g , g)(v) ≤ C
∬ [
w l(v′) + w l(u′)] e− |u |22 g(v′)g(u′) du dω
≤ C
∬
g(v′) · e− |u |
2
2 ·
(
w l g
)
(u′) du dω.
We split the last integral into four parts. First, for L > 0,
C
∬
|u |≥L
g(v′) · e− |u |
2
2 ·
(
w l g
)
(u′) du dω
≤ Ce− L
2
4
∬
e−
|u |2
4 · g(v′) ·
(
w l g
)
(u′) du dω
≤ Ce− L
2
4
[∬ (
w l g
) r
(v′) ·
(
w l g
) r
(u′) du dω
] 1
r
,
(4.3)
so by du dv  du′ dv′, the Lrv norm of (4.3) is bounded by Ce−
L2
4 | |w l g | |2
Lrv
.
Next, let |v | ≤ 2L and set k  1 + (r − 1)/n′ for fixed n > 3. Then we get
1  1/(nr′) + k/r and
C
∬
|u |≤L
g(v′) · e− |u |
2
2 ·
(
w l g
)
(u′) du dω
≤ C
[∬
|u |≤L
g
1
n (v′) e− |u |
2
2 du dω
] 1
r′
[∬
|u |≤L
gk(v′) ·
(
w l g
) r
(u′) du dω
] 1
r
.
(4.4)
For the first factor, we use the same change of variables as (3.6) and (3.7).
The following integral calculus holds.
∬
|u |≤L
g
1
n (v′)e− |u |
2
2 du dω ≤ C
∬
g
1
n (v + z | |)e−
|v+z |2
2
1
|z | | |2
dz | | dz⊥
≤ C
∫
|y |≤5L
g
1
n (y) 1|y − v |2 dy
≤ C
[∫
|y |≤5L
g(y) dy
] 1
n
[∫
|y |≤5L
1
|y − v |2n′ dy
] 1
n′
≤ Cr,L
g 1n
L1v
.
(4.5)
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By du dv  du′ dv′ and k < r, the Lr({|v | ≤ 2L}) norm of the second factor
of (4.4) is bounded by
Cr,L
[∫
|v′ |≤5L
dv′gk(v′)
∫
|u′ |≤5L
du′
(
w l g
) r
(u′)
] 1
r
≤ Cr,L
g kr
Lrv
w l g
Lrv
≤ Cr,L
w l g kr+1
Lrv
.
(4.6)
The Lr({|v | ≤ 2L}) norm of (4.4) is bounded by Cr,L | |g | |
1
nr′
L1v
| |w l g | |1+
k
r
Lrv
. Lastly,
when |v | ≥ 2L, we consider the two cases |(u−v)·ω | ≤ L and |(u−v)·ω | ≥ L.
For the former, then |v′|  |v + [(u − v) · ω]ω | ≥ 2L − L  L, so
C
∬
|(u−v)·ω |≤L
e−
|u |2
2 · g(v′) ·
(
w l g
)
(u′) du dω
≤ CL−l
∬
e−
|u |2
2 ·
(
w l g
)
(v′) ·
(
w l g
)
(u′) du dω.
(4.7)
As in (4.3), the Lr({|v | ≥ 2L}) norm of (4.7) is bounded by CL−l | |w l g | |2
Lrv
. In
the latter, since |z | | | ≥ L, as in (4.4) and (4.5) (take n  1), we can get
C
∬
|(u−v)·ω |≥L
e−
|u |2
2 · g(v′) ·
(
w l g
)
(u′) du dω


Lr ({|v |≥2L})
≤ Cr,lL− 2r′
w l g1+ 1r
Lrv
,
and then we have (4.1) by collecting above estimates and choosing L large.

For simplicity, we use the notation E0  [|M0 | + |E0 | + |H0 |]m
−1
for 0 <
m < 1 sufficiently small, and kl(v , u)  k(v , u)νl(v)/νl(u) where k(v , u) is
the kernel of the integral operator K. As in [5] or [1], when t − s ≥ κ (0 <
κ < 1), N > 0, we can obtain∬
|v |≤5N, |u |≤5N
 f (s , x − v(t − s), u) du dv ≤ CN (1 + κ−1) E0, (4.8)
which is the key estimate to global solvability. Recall that n and k were
defined in the proof of Lemma 4.1. Under the assumption of Theorem
2.2, from (4.8), the following two lemmas are valid and then Theorem 2.2
follows easily (see Proof of Theorem 1.1 in [1]).
Lemma 4.2. For any η > 0 there exists Cη(r, l) > 0 such that
sup
s∈[T⋆ ,t]
 f (s)
L∞x L1v
≤ ǫ + Cr,lη
∑
p11,2
w l f p1
LrvL
∞
t ,x
+ CηE0
+ CηE0
∑
p2r,r/k
w l f 1+ 1p2
Lrv L
∞
t ,x
,
(4.9)
GLOBAL EXISTENCE FOR THE BOLTZMANN EQUATION 11
Remark 4.3. On the interval [0, T⋆], Theorem 2.1 yields | | f | |L∞
T⋆
L∞x L1v ≤ Cr,lM.
Lemma 4.4. For any η > 0 there exists Cη(r, l) > 0 such thatw l f 
Lrv L
∞
t ,x
≤CM + CηE0 + Cr
 f 
L∞t ,xL
1
v
w l f 
Lrv L
∞
t ,x
+ Cη
 f  1nr′
L∞t ,xL
1
v
w l f 1+ kr
L∞t ,xL
r
v
+ Cr,lη
∑
p∞,1,r
w l f 1+ 1p
Lrv L
∞
t ,x
.
(4.10)
Proof of Lemma 4.2. From (1.4),∫  f (t , x , v) dv ≤ 4∑
j1
G j(t , x),
where
G1(t , x) 
∫
e−ν(v)t
 f (y1, v) dv ,
G2(t , x) 
∫ t
0
ds
∫
dv
∫
du e−ν(v)(t−s)
k(v , u) f (s , y1 + vs , u) ,
G3(t , x) 
∫ t
0
ds
∫
dv
∬
du dω e−ν(v)(t−s) |v − u |γb(θ)
√
µ(u)
×
 f (s , y1 + vs , u) f (s , y1 + vs , v) ,
G4(t , x) 
∫ t
0
ds
∫
dv
∬
du dω e−ν(v)(t−s) |v′ − u′|γ b(θ)
√
µ(u)
×
 f (s , y1 + vs , u′) f (s , y1 + vs , v′) .
Here we have used the notation y1  x − vt. Note that |v − u |  |v′ − u′|.
We further split G j , j  2, 3, 4 as
G j(t , x) 
∫ t
t−κ
∬
+
∫ t−κ
0
∫ ∫
|u |≥N
+
∫ t−κ
0
∫
|v |≥2N
∫
|u |≤N
+
∫ t−κ
0
∫
|v |≤2N
∫
|u |≤N
{· · · } du dv ds
≡ G j1(t , x) + G j2(t , x) + G j3(t , x) + G j4(t , x).
By assumptionG1 ≤ ǫ. Firstwewill show that for any η > 0, if κ and N−1 are
sufficiently small, then G jk ≤ η
∑
p11,2 | |w l f | |
p1
LrvL
∞
t ,x
for j  2, 3, 4, k  1, 2, 3.
To see this for G2k , recall (3.12). For G2k , k  1, 2, 3 we integrate over v
before u. It is not hard to see that G21 ≤ Cr,lκ | |w l f | |LrvL∞t ,x . Also,
G22 ≤
∫ t−κ
0
ds e−ν(v)(t−s)
∫
|u |≥N
du
(∫
dv |k(v , u)|
)  f (u)
L∞t ,x
≤ CN−1
∫
du
 f (u)
L∞t ,x
≤ Cr,lN−1
w l f 
Lrv L
∞
t ,x
.
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Let |v | ≥ 2N and |u | ≤ N . Then |v − u | ≥ N . Since there is also the case
γ  0, we estimate G23 as follows.
G23 ≤
∫
|u |≤N
du
(∫
|v |≥2N
dv |k(v , u)|
) (∫ t−κ
0
ds e−ν(v)(t−s)
)  f (u)
L∞t ,x
≤ C
∫
du
(∫
dv e−
N2
16 |k(v , u)| e |v−u |
2
16
)  f (u)
L∞t ,x
≤ Ce−N
2
16
∫
du
 f (u)
Lrv L
∞
t ,x
≤ Cr,le−N
2
16
w l f 
Lrv L
∞
t ,x
,
Thus the claim for G2k follows by choosing κ and N
−1 small. The terms G3k
and G4k are easy to estimate. Noting du dv  du
′ dv′ and 3 − (l − γ)r′ < 0,
we have
∑
k1,2,3
G3k + G4k ≤
∫ t
t−κ
ds e−ν(v)(t−s)
[∫
dv wγ(v)
 f (v)
L∞t ,x
]2
+
∫ t−κ
0
ds e−ν(v)(t−s)
[∫
|v |≥N
dv wγ(v)
 f (v)
L∞t ,x
]2
≤ Cr,lκ
w l f 2
LrvL
∞
t ,x
+ CN3−(l−γ)r
′ w l f 2
Lrv L
∞
t ,x
.
Next, we estimate G j4, j  2, 3, 4 by using (4.8) as follows. As in (4.5), set
k  1 + (r − 1)/n′ for fixed n > 3. From the same calculus as (4.5), we have
∫
|v |≤2N
dv
∫
|u |≤N
du
∫
dω
 f (s , y1 + vs , v′) f (s , y1 + vs , u′)
≤
[∭
|v |≤2N, |u |≤N
 f (s , y1 + vs , v′) 1n du dv dω
] 1
r′
×
[∫
|v′ |≤5N
 f (v′)k
L∞t ,x
dv′
∫
|u′ |≤5N
 f (u′)r
L∞t ,x
du′
] 1
r
≤ Cr,N
[∬
|v |≤2N, |y |≤5N
 f (s , y1 + vs , y) dy dv
] 1
nr′
×
[∬
|v |≤2N, |y |≤5N
1
|y − v |2n′ dy dv
] 1
n′ w l f 1+ kr
Lrv L
∞
t ,x
≤ Cr,N,κE0
w l f 1+ kr
LrvL
∞
t ,x
.
(4.11)
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Moreover, we easily get∫
|v |≤2N
dv
∫
|u |≤N
du
 f (s , y1 + vs , v) f (s , y1 + vs , u)
≤
[∬
|v |≤2N, |u |≤N
 f (s , y1 + vs , u) du dv
] 1
r′
×
[∬
|v |≤2N, |u |≤N
 f (s , y1 + vs , u) ·  f (v)rL∞t ,x du dv
] 1
r
≤
[∬
|v |≤2N, |u |≤N
 f (s , y1 + vs , u) dudv
] 1
r′
×
[∫  f (u)
L∞t ,x
du
∫  f (v)r
L∞t ,x
dv
] 1
r
≤ Cr,N,κE0
w l f 1+ 1r
Lrv L
∞
t ,x
.
(4.12)
Hence
G34 + G44 ≤ Cr,N,κE0
w l f 1+ 1r
Lrv L
∞
t ,x
∫ t−κ
0
ds e−ν(v)(t−s)
≤ Cr,N,κE0
∑
p2r,r/k
w l f 1+ 1p2
LrvL
∞
t ,x
.
For G24, in view of (3.11), we need to approximate kl(v , u) by kl,N (v , u)
smooth with compact support such that
sup
|u |≤3N
∫
|v |≤3N
dv
kl(v , u) − kl,N(v , u) ≤ N− 4r′ . (4.13)
We have ∫
|v |≤2N
dv
∫
|u |≤N
du
kl,N(v , u) · (νl f ) (s , y + vs , u)
≤ Cl,N
∫
|v |≤2N
dv
∫
|u |≤N
du
 f (s , y + vs , u)
≤ Cl,N,κE0,∫
|v |≤2N, |u |≤N
du dv
kl(v , u) − kl,N(v , u) · (w l f ) (s , y + vs , u)
≤ Cr N− 1r′
w l f 
Lrv L
∞
t ,x
.
Hence
G24 ≤ Cl,N,κE0 + Cr N−
1
r′
w l f 
Lrv L
∞
t ,x
.
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We obtain the lemma by collecting above estimates and choosing κ and N−1
small. 
Proof of Lemma 4.4. From now on we use the notation
y1  x − v(t − s1), y2  y1 − u1(s1 − s2),
and recall that kl(v , u)  w l(v)k(v , u)/w l(u). By applying (1.4) to the second
term on the right hand side of (1.4), we have
w l(v) f (t , x , v) 
5∑
j1
H j(t , x , v),
where
H1(t , x , v)  e−ν(v)t w l(v) f0(x − vt , v),
H2(t , x , v) 
∫
du1 kl(v , u1)
∫ t
0
ds1 e
−ν(v)(t−s1)
× e−ν(u1)s1w l(u1) f0(y1 − u1s1, u1),
H3(t , x , v) 
∬
du1 du2 kl(v , u1)kl(u1, u2)
∫ t
0
ds1 e
−ν(v)(t−s1)
×
∫ s1
0
ds2 e
−ν(u1)(s1−s2)w l(u2) f (s2 , y2, u2),
H4(t , x , v) 
∫
du1 kl(v , u1)
∫ t
0
ds1 e
−ν(v)(t−s1)
×
∫ s1
0
ds2 e
−ν(u1)(s1−s2) w l(u1)Γ[ f , f ](s2, y2, u1),
H5(t , x , v) 
∫ t
0
ds1 e
−ν(v)(t−s1) w l(v)Γ[ f , f ] (s1, x − v(t − s1), v) .
Clearly | |H1 | |LrvL∞t ,x and | |H2 | |LrvL∞t ,x are boundedby CM. ForH4 and H5we can
apply Lemma 4.1, so their LrvL
∞
t ,x norm are bounded by the last three terms
of (4.10). Thus it remains only to estimate H3. We compute the L
r
vL
∞
t ,x norm
of H3 by dividing it into four parts. First, by repeating Hölder’s inequality,
we can get∬
du1 du2 k(v , u1)k(u1, u2)w l(v) f (s2 , y2, u2)
≤ C
[∫
du1 |kl(v , u1)|
] 1
r′
×
[∬
du1 du2 |kl(v , u1)kl(u1, u2)|
w l f (u2)rL∞t ,x
] 1
r
,
(4.14)
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so the Lr({|v | ≥ L}) norm of H3 is bounded by Cr N− 1r′ | |w l f | |LrvL∞t ,x . Since
the first factor of (4.14) is bounded, we also have
| |H3 | |Lrv L∞t ,x ≤ C
[∫
dv |kl(v , u1)|
∫
du1 |kl(u1, u2)|
∫
du2
w l f (u2)rL∞t ,x
] 1
r
,
(4.15)
and hence if either |v | ≤ N, |u1 | ≥ 2N or |u1 | ≤ 2N, |u2 | ≥ 3N then
| |H3 | |LrvL∞t ,x ≤ Cr N−
1
r | |w l f | |LrvL∞t ,x . Lastly, we consider the Lr({|v | ≤ N}) norm
of the remaining part of H3 which is given by
H3(t , x , v) 
∫
|u1 |≤2N
du1
∫
|u2 |≤3N
du2 kl(v , u1)kl(u1, u2)
∫ t
κ
ds1 e
−ν(v)(t−s1)
×
∫ s1
s1−κ
ds2 e
−ν(u1)(s1−s2)w l(u2) f (s2 , y2, u2)
+
∫
|u1 |≤2N
du1
∫
|u2 |≤3N
du2 kl(v , u1)kl(u1, u2)
∫ κ
0
ds1 e
−ν(v)(t−s1)
×
∫ s1
0
ds2 e
−ν(u1)(s1−s2)w l(u2) f (s2, y2, u2)
+
∫
|u1 |≤2N
du1
∫
|u2 |≤3N
du2 kl(v , u1)kl(u1, u2)
∫ t
κ
ds1 e
−ν(v)(t−s1)
×
∫ s1−κ
0
ds2 e
−ν(u1)(s1−s2)w l(u2) f (s2 , y2, u2).
(4.16)
From (4.15), clearly, the Lr({|v | ≤ N}; L∞t ,x) norms of the first two terms are
bounded by Cr,Nκ | |w l f | |LrvL∞t ,x . For the last term, we use (4.8). As before, we
approximate kl by kl,N satisfying (4.13). Then
kl(v , u1)kl(u1, u2) 
[
kl(v , u1) − kl,N (v , u1)
]
kl(u1, u2)
+
[
kl(u1, u2) − kl,N(u1, u2)
]
kl,N(v , u1)
+ kl,N(v , u1)kl,N (u1, u2),
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and from this and (4.15), the Lr({|v | ≤ N}; L∞t ,x) norm of the last term of
(4.16) is bounded by
Cr N
− 4
r r′
w l f 
LrvL
∞
t ,x
+Cl,N


∫ t
κ
ds1 e
−ν(v)(t−s1)
∫ s1−κ
0
ds2 e
−ν(u1)(s1−s2)
×
∫
|u1 |≤2N
du1
∫
|u2 |≤3N
du2
 f (s2, y2, u2)


Lrv L
∞
t ,x
≤ Cr N− 4r r′
w l f 
Lrv L
∞
t ,x
+ Cl,N,κE0.
Hence we can obtain the lemma from above estimates. 
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